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Introduction
More than 52 years back the concept of “Fuzzy Sets” was
introduced in 1965, by Zadeh [34]. In continuation Zadeh [35], developed
the theory of. “Probability measures of fuzzy events”, and produced some
important results. Not only results where important it opens a vast windows
in the field of fixed point theory with a new approach. After that many
authors have expansively developed the theory of fuzzy sets and its
9 applications, specially, Deng [8], Kaleva and Seikkala [20], Kramosil and
— Michalek [21], have introduced the concept of fuzzy metric spaces in
Rashmi Pathak different ways. Many authors [1], [6], [9], [15], [16], [18], [19], [22], [24], [27],
[28] have also studied the fixed point theory in the fuzzy metric spaces and
Research Scholar, [2], [3], [4], [5], [17], [23], [31] have studied for fuzzy mappings which
Deptt. of Mathematlcs and opened a new window for further development of analysis in such spaces
Computer Science, and such mappings. Consequently in due course of time some metric fixed
U.T.D, Rani Durgavati University, point results were generalized to fuzzy metric spaces by various authors.
Jabalpur, M. P. Gahler in a series of papers [11], [12], [13] investigated 2-metric spaces.
Sharma, Sharma and Iseki [26] studied for the first time contraction type
mappings in 2-metic space. Recently Yadava, Rajpoot and Bhardwaj [32],
[33] have also worked on 2-Metric spaces and 2- Banach spaces for
rational expressions. Very recently in 2016 Garg, S. and Shukla, M. K.
proved some fixed point result in complete fuzzy metric space, fuzzy 2-
metric space and fuzzy 3-metric space [29], [30] for weak compatible
mappings
Aim of the Study
Our aim in this present paper is to generalize the earlier results of
fisher [10] and all others also we extend this result to fuzzy 2 and 3-metric
spaces by obtaining some common fixed point theorems on fuzzy metric
spaces. Till now work on this approach is not reported.
i Preliminaries
Maan Kumar Shukla We know that 2-metric space is a real valued function of a point
Professor, . triples on a set X, which abstract properties were suggested by the area
Deptt. of Mathemaitics, function in Euclidean spaces. Before going to our main results the following

Institutg for Excellence in Higher basic definitions, lemmas and already established results are required:
Education, Definition 2.1 [25]
Bhopal, (M.P.) A binary operation *: [0,1]x[0,1]-[0,1] is called a continuous t-

norm if ([0,1],%) is an abelian Topological monodies with unit 1 such that
a*xb > cx*dwhenevera > candb = d foralla,b,c,d €[0,1]
Example of t-normarea *b =aband a*b = min {a, b}

Definition 2.2 [21]

The 3 —tuple (X, M,*) is called a fuzzy metric space if X is an
arbitrary set,- is a continuous t-norm and M is a fuzzy set in X% x
[0, ») satisfying the following conditions for all x,y,z € X and s,t > 0,
(FM-1): M(x,y,0) =0
(FM-2): M(x,y,t) =1,Vvt>0=x=y
(FM-3): M(x,y,t) = M(y,x,t)

(FM-4): M(x,z,t+s) = M(x,y,t) *M(z,y,s)
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(FM-5): M(x,y,a):[0,1) - [0,1) is left continuous
In what follows (X, M,*) will denote a fuzzy metric
space.
Note that M (x,y,t) can be thought of as the degree
of nearness between x and y with respect to t. We
identify x = ywith M (x,y,t) = 1for all t > 0 and
M(x,y,t) =0 with «.
Example 2.1 [14]

Let (X, d) be a metric space.
Define
a*b = aboraxb =
min{a, b} and for allx,ye X andt > 0,

t
M(x,y,6) = g e (2:2.1.1)

Then (X, M,*) is a fuzzy metric space. We call this
fuzzy metric M induced by the metric d the standard
fuzzy metric.
Definition 2.3 [15]

Let (X, M,*) is a fuzzy metric space.
(i) A sequence {x,}in X is said to be convergent to a
pointx € X,
lim,, . M(x,y,t) =1
(ii) A sequence {x,}in X is called a Cauchy sequence
if
limnﬁmM(anrp,xn,t) =1Vt>0Andp >0
(i) A fuzzy metric space in which every Cauchy
sequence is convergent is called complete.
Let (X, M,*) is a fuzzy metric space with the following
condition.
(FM-6): lim, o M(x,y,t) =1Vx,y€X
Definition 2.4

A function M is continuous in fuzzy metric
space iff whenever
Xp DX, Yp PV = limn—m M(xnryn: t) - M(x:y: t)
Definition 2.5

Two mappings A and S on fuzzy metric
space X are weakly commuting if and only if
M (ASu,SAu,t) > M (Au, Su,t) ueX
Definition 2.6

A binary operation *: [0,1] x [0,1] x
[0,1] — [0,1] is called a continuous t-norm if ([0,1],*)
is an abelian topological monodies with unit 1 such
that

a; * by * ¢ = a; *x b, x c; whenever

a = (12,b1 = b2,C1 =
¢, for all ay, ay, by, by and cq, c; are in [0,1].
Definition 2.7

The 3-tuple (X, M,*) is called a fuzzy 2-metric
space if X is an arbitrary set, * is continuous t-norm
and Mis fuzzy set in X3 x [0,) satisfying the
following conditions:
(FM-1): M(x,y,2z,0) =0
(FM-2): M(x,y,z,t) =1,Vt>0=x=y
(FM-3): M(x,y,z,t) = M(x,z,y,t) =
My, z, x, t)symmetry about three variable
(FM-4): M(x,y,z,t1,ty,t3) = M(x,y,u, ty) *
M(z,u,z,t;) * M(u,y,z,t3)
(FM-5): M(x,v,z):[0,1) - [0,1) is
continuous,x,y,z,u € X, ty,ty,t3 >0
Definition 2.8

Let (X, M,*) be a fuzzy 2-metric space.
(1) A sequence {x,} in fuzzy 2-metric space X is said
to be convergent to a point x € X,

left
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lim,, .o M(x,,x,a,t) =1foralla€e Xandt >0
(2) A sequence {x,} in fuzzy 2-metric space X is
called a Cauchy sequence, if
lim, L. M(xn+p,xn,a, t) =1forallaeXandt,p>0
(3) A fuzzy 2-metric space in which every Cauchy
sequence is convergent is called complete.
Definition 2.9

A function M is continuous in fuzzy 2-metric
space, iff whenever
Xp =X, Yu—U Then
Mx, ya tfor all aeX >0
Definition 2.10

Two mappings Aand S on fuzzy 2-metric
space X are weakly commuting iff M(ASu, SAu,a,t) =
M (Au,Su,a,t)
Definition 2.11

A binary operation =:[0,1]* - [0,1]is called
a continuous t-norm if  ([0,1],*) is an abelian
topological monoid with unit 1 such that V
ai,az, by, by, ci,c;and dq,d, € [0,1] a; * by * cq *
dy=ay* by* c;xd, where a; = ay by = by,c; =
c, and d; = d,.
Definition 2.12

The 3-tuple (X, M,*) is called a fuzzy 3-metric
space if X is an arbitrary set, * is a continuous t-norm
monoid and M is a fuzzy set in X* x [0, «] satisfying
the following conductions:
(FM'— 1): M(x,y,z,w,0) =0
(FM'— 2): M(x,y,zw,t)=1,Vt>0,
Only when the three simplex (x, y, z, w, ) degenerate

lim, o M (x,, ¥y, a,t) =

(FM'—B): M(x,y,z,w,t) = M(x,w,z,y,t) =
M(Z!W!x!y't) =—-—-—
(FM' - 4):

M(x,y,z,w,t; + t; +t3) = M(x,w, z,u,ty) *
M(x,y,z,w,t;) * M(x,y,z,w,t3) * M(x,y,z,w,t,)
(FM' - 5): M(x,v,z,w,):[0,1) - [0,1] is
continuous,
Vx,y,z,u,w €KX, ty,ty,t3,t4 >0
Definition 2.13

Let (X, M,*) be a fuzzy 3-metric space:
(1) A sequence {x,} in fuzzy 3-metric space X is said
to be convergent to a point x € X, if
lim, o M(x,,x,a,b,t) =1 for all a,b€eX and
t>0
A sequence {x,} in fuzzy 3-metric space X is
called a Cauchy sequence, if
lim,, . M(xn+p,xn,a,b, t) =1 forall a b€ X and
t,p>0
(3) A fuzzy 3-metric space in which every Cauchy
sequence is convergent is said to be complete.
Definition 2.14

A function M is continuous is fuzzy 3-metric

left

)

space if
Xp =X,V DY then
Mxyabt VabeXand 7>0
Definition 2.15

Two mappings A and S on fuzzy 3-metric
space X are weakly commuting iff,
M(ASu,SAu,a,b,t) = M(Au,Su,a,t) Yu,a,b €X and
t>0

lim,, .. M(x,,y,,a,b,t) =
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Definition 2.16
Two self maps f and g of a set X are
occasionally weakly compatible (o.w.c.) iff there is a
point x in X which is a coincidence point of f and g at
which f and g commute.
Some Basic Results
Lemma 2.1
[15]
decreasing.
Lemma 2.2
[7] Let {y,} be a sequence in a fuzzy metric
space (X,M,x) with the condition (FM -6) If there
exists a number g € (0,1) such that

for all x,y eX,M(x,y) is non -

M(Yn+2' Yn+1s qt) = M(Yn+1r Yns t): Vt>0andn=
1,2,3 .. ,then {y,} is a Cauchy sequence in X
Lemma 2.3

[24] If for all x,y € X,t > 0 and for a number
q €(01),
M(x,y,qt) = M(xc,y,t), thenx =y
LemmaZ2.4

Let (X, M,*) be a Fuzzy metric space, 4 and
B are occasionally weakly compatible self maps of X.
If Aand Bhave a unique point of coincidence,
w = Ax = Bx, then w is the unique common fixed
point of A and B.
Proof

Since Aand B are occasionally weakly
compatible, there exists a point x € X such that
Ax = Bx = w and ABx = BAx. Thus, AAx =
ABx = BAx, which says that Ax is also a point of
coincidence of A and B. Since the point of coincidence
w = Ax is unique by hypothesis, BAx = AAx = Ax,
and w = Axis a common fixed point of A and B.
Moreover, if z is any common fixed point of A and B,
then z = Az = Bz = w by the uniqueness of the
point of coincidence.
Fisher [10] proved the following theorem for three
mappings in complete metric space:
Theorem 2.5

Let Sand T be continuous mappings of a
complete metric space (X, d) into itself. Then Sand T
have a common fixed point in X iff there exists a
continuous mapping A of X into S (X) N T (X), which
commutes with S and T and satisfy
d(Ax,Ay) = ad (Sx,Ty) forallx,y € Xand 0 <
a< 1.

Then S,T and Ahave a unique common
fixed point.
Main Results
Theorem 3.1

Let (X,M,x)be a complete fuzzy metric
space with the condition (FM-6) and let P,Q,F and G
be self mappings of X. Let pairs {P,F} and {Q, G} be
occasionally weakly compatible If there exists
h €0,1) such that
(3.1.1)

M(Px, Qy, (ht)) =
<{ M(Fx,Gy,t),M(Fx, Px,t),M(Qy, Gy, t), })
(0]

[M(Px,Gy,t)+M (Fx,Px,t)] [M(Qy,Fx,t)+M(Qy,Gy,t)]

’

M (Fx,Px,t) M(Qy,Gy.t)
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For all x,yeX.¢:[0,1]°>[0,1] such that
¢, 1,1,t,t) >t forall0< t <1, then there exists

a unigue point w € X such that Pw = Fw = wand a
unique point
z € X such that Qz = Gz = z.Moreover,z = w, SO
that there is a uniqgue common fixed point of
P,F,Q and G.

Proof

Let the pairs {P,F}and{Q,G} be
occasionally weakly compatible, so there are points
X,y € X suchthat Px = Fx and Qy = Gy.We  claim
that Px = Qy. If not, by inequality (3.1.1), we have

M(Px,Qy, (ht)) =
<{ M(Fx,Gy,t),M(Fx, Px,t), M(Qy, Gy, t), })
(A1

M (Px,Gy t)+M(Fx,Px,t)] [M(Qy Fx,t)+M(Qy,Gy,t)]
’ M@Qy Gy ,t)

M (Fx,Px,t)

M (Px,Qy,t)+M(Px,Px,t) M(Qy,Px,t)+M(Qy,Qy,t)
’ M(Qy,Qy.0)

({M (Fx, Gy, t),M(Fx, Px,t), M(Qy, Gy, t),})
=0

M (Px,Px,t)

(Z)(M(Px, Qy,t),1,1, M(Px, Qy, t), M(Px, Qy, t))
> M(Px, Qy,t)
This is a contradiction, therefore Px =

Qy,i.e.Px = Fx = Qy = Gy. Suppose that there is
another point z such thatpz = fz then by (3.1.1) we
have Pz =Fz = Qy = Gy,s0 Px = Pzandw =
Px = Fx is the unique point of coincidence of
P and F. By Lemma (2.4) w is the only common fixed
point of P and F.Similarly there is a unique point
ze X suchthatz = Qz = Gz. Assumethatw #
z.We have
M (w,z, ht) = M (Pw,Fz, ht)

({ M(Fw, Gz, t), M(Fw, Pw,t),M(Qz, Gz,t), })
=0

[M(Pw,Gz,t)+M(Fw,Pw,t)] [M(Qz,Fw,t)+M(Qz,Gz,t)]

’

M(Fw ,Pw,t) M(Qz,Gz,t)

M(w,z,t), M(w,w,t),M(z,2,1),
>0 M(w,z,t)+M(w,w,t)] [M(zwt)+M(z,zt)]

’

M(w,w,t) M(z,z,t)
=0(Mw,z,t)) = M(w,z,t)

Therefore we have z = w.
Hence z is a common fixed point of P, F,Q and G. The
uniqueness of the fixed point holds from (3.1.1).
Theorem 3.2

Let (X,M,x) be a complete fuzzy 2-metric

space and let S" and T" be continuous mappings of
X in X, then s" andT" have a common fixed point in
X if there exists continuous mapping A’ of X into
s’ X)) T ' (X) which weakly compatible with
s" andT" and
M(A™x,A"y,q"t,a) =

M(S"x,A"x,t,a) M(S"x,T"y,at)

r r
min M(4 YAy, a), M(ATy,Ay,a,t) M(S"x,A"y,a,t)’
M(A"x,T"y,a,t),M(S"x,A"y,a,t)

forall x,y,ae X,t > 0,and 0 < q < 1.
And lim, o M(x,y,z,a,t) =1, Vx,y,2z,a €



P: ISSN No. 0976-8602 RNI No.UPENG/2012/42622 VOL.-7, ISSUE-3, July-2018

E: ISSN No. 2349-9443 Asian Resonance

Then S",T" and A" have a unique common fixed M(A"z,A% z,a,q"t) =

point. . M(TTArZ,Ar,ArZ, a, t), M(S"z,A"z,a,t) 'M(S’Z,TrArz,a,t),}

Proof min M(ATATz,TT A" z,a,t)’ M(STz,AT A" z,a,t)
We define a sequence {x,} such that M(A"2,T"Az,a,t), M(S"2, A"A"z,a,t)

ATy, = ST Xpn 4 M(A"z,A% z,a,q"t) = M(A"z,T" A" z,a,t)

and S7xy, 1 = T2y, = 1,2, . ... >M(S"z, AT z,a,t) = M(A"z,A* z,a,t) ... .. =

We shall prove that {4"x;,} is a Cauchy sequence. M(AT A¥ z,a, m)

For this suppose x = x,, and y = o A . . ”

AT Xy 41 In (3.2.1), we write since lim, ., M (A z,A"" z, ,an) =1=A"z=A"z

M(A x50, A" X9 41,0,q" ) = Thus z is common fixed point of 4,S and T.

M(S"x20 A x2n,a) For uniqueness, let w(w =z) be another

M(A" X041, A" Xpp 41,0, 1)

min M(S x0T X2 41,08 common fixed point ofSr,Tr and A" forallr > 0. By
ns n+1,% . - .
M o A xamr at)’ M(A" %30, T" X3041,0, 1) inequality we write
. . M(A"z,A"w,a,q"t) =
. i M(Sr X2n» A x2n+1,a, t) M(Tr g t) M(STz,ATz,at) M(STzT w,at)
M(A xZnIA x2n+1,a! q t) = ( ) min w, w,a,t), M@ wT wat)’ MGz, AT w,at) )
r r r M(S"xon+1,A"x2n,at) M(A"z, T"w,a,t),M(S"z,A"w,a,t
M(A Xon i1, A" Xn 41,4 't) " M(Ax2n41.47 X2 0.) L M(A"z,A™w ((l qt) = »MC )
min M(S"xon 11,47 X320 at) M(A Xg, T" Xon G, t) | ' {M(W, w,a,b), M(z,z,at) M(zw,at) }
min

"M(ATx3p 41, A X2 11,a,t) !
|

M(Ax2, A x50 11,a,t)” Mww,a,t)’ M(zw,a,t)’
M(A" x3,41, A" X2 41,0, 1) M(z,w,a,t),M(z,w,a,t)
M(A" %0, A" X0 41,0, ") = M(A"x3,11, A" xZn'a,q "t) S" and T" min{M(z,w, a, t)}
= This implies that M(z,w, a,q"t) = min{M(z,w, a, t)}
. M(A Xm0, A X o at) M(A xam11,A7x2, art) T HErefore by lemma (2.3), we get z = w.
min {M(Aer"’Aer"“'a' t)'MEA’x;:i,Arx;:a,t;' — +11 D Wo we areygeneraliging)abovge theorems in complete
> fuzzy 3-metric space.

. Theorem 3.3
r r
mm{M(A Xon-1,4"Xon, @ t/ Let (X,M,x)be a complete fuzzy 3-metric
qr, M (Arxzn Arxon-1,a,t/qr)M(Arxzn,Arimat/qr),M(A space and let S” and T™ be continuous mappings of
_?Jﬁzen?zgfét;zen 1at/qr)1,1,1 X in X,then S”™ and T" have a common fixed point in
Xif 7 continuous mapping
M(‘_q x2”'_A Xon+1,,q' ) 2 M(ATXon, A" Xop41,0,/q") A" of X into ST (X) nT" (X) which commute weakly
By induction with ST and T™ and
M(A" X2, A" Xom 41,0, " ) = M(A" X, A" Xk 41,0, £/q") M(A™x, A"y, q"t,a,b) >
For every k and m in N, Further if 2m + 1 > 2k, then ) M(T"y, ATy, a,b,t), M(S"x, ATy, a, b, t),
M(Aerk,AermH_a, qrt) >M (Aerm,AerHLa, qt—r) = man {M(er, T"y,a,b,t), M(A"x,T"y,a,b,t), M(S"x,A"y,a,b, t)}
O (3.3.1)
- for all x,y,a,beX,t > 0, and 0 < q < 1.Here(a *
r e
m (4 xO,A Xom 1,85 2557) 2 7 (323) b) = minte B)
If 2k > 2m + 1, then And lim, o M(x,y,2z,a,b,t) =1V x,v,z,a €X
M(A" xy, A" x a,q't)=>M|A x40, A" x a,ir > e (3.3.2)
( 2 amt, ) ( 2t am. q) Then S™,T"and A" have a uniqgue common fixed
. point.
> M (A" Xge—zm—1), AT %00, q<2m—_1>) e (3.24) Proof
By simple induction with (3.2.3) and (3.2.4) we have We define a sequence {x,} such that
M (A" xp, A" X4, q ) = M(A" %0, A" x, t/q™) ATxpn = S"xpp—1  and Ar_)CZn—l =T x,n=12,....
Forn = 2kp = 2m+1lorn = 2k+1,p = 2m +1 W_e shall prove that {Ax,} is a Cauchy sequence. For
and by (FM-4) thli Suppose x = xp, andy = Xp,41in (3.3.1), we
M(A"x,, A" x1pa,q" t) = write
'( Mn A n+f1f : M (A%, ATx, a,~ 325) MA@ Xm A Xm0 bq7) 2
mln{ ( X0, X1 a, anr) 4 ( X1, xp '?)} ( e ) M(Tern_',l,Aern_'_l‘a, b, qrt),M(STXZn,ATXZn‘a, b, t),
Ifn = Zk,p = 2morn = 2k + 1, p= 2m min M(eranTrx2n+l,al b, f),M(ATxanTrxan,a, b, t),

For every positive integer p and n in N, therefore
y p g p M(erZn,ATX2n+1’a, b, t)

M(A x5, A" X2 41,0,b,q"t) =
Thus {A"x,} is a Cauchy sequence. Since the space M(A" X2, A" X3 41,0, b, t), M(A" X 41, AT X3 @, b, ),

X is complete there exists z € X, such that ) , - - .

lim, o A7%, =i, e STXgp 41 = limy e T" Xy =2 min M(A Xon+1, T X20,0, b, t),M(A Xon, T Xon a, b, t),
M(Arx2n+1l Arx2n+1,ar b, t)

M(A" x50, A" X2n41,0,b,q"t) =

M(Aern—lJ Arx2n,aJ b! qr t)

(Aer,A X a,qm) >lasn—> o

It follows that A"z = s'z = T'z and therefore by
weak compatibility
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3 M(ArX'Zn, Arx2n+1'a, b, t), M(ATxZn+1, Aern'a, b, t),
min
M(A"x3541,A"x2n.a,b,t),1,1
>

) {M(Aer,L_l, ATxy,a,b,t/q"), M(A"x2n, A" X010, b, t/q"),
min

M (A" X2, A" X3n_1.a,b,/q"), 1,1

There fore

M(A" x50, A" X2 41,0,b,q"t) = M(ATxZH_l,ATxZn,a,b, t/
qr

By induction M(A x2, A" X 41,0, b, @7 t) =

M(Arxz,n,Aerk_La, b, t/qr)
For every k and m in N, Further if 2m +1 > 2k, then
M(Arx2k,Arx2m+1,a, b, qrt) >
M (ATXZm'ATka—l,arbqur) = e
e e = M(Arxo,AermH,Zk'a, b, t/qZkT)

If 2k > 2m + 1, then

M(Aerk,AermH_a, b, qrt)

M (Arxqu,x‘lerm,a,b,q%)
v oo 2 M(A" X0 _ 2 41y, AT X0,0, b, t /g H1T)

=

By simple induction with (3.3.3) and (3.3.4)
we have

M(A %y, A%y 4pa,b,q7t) = M (Arxo,ATxp_a, bq%)
Forn = 2k,p = 2m+1lorn = 2k+1,p = 2m +1
and by (FM-4)

M(A %y, AT X 4p @, b, q7 ) =

(M (4rx0,4r010,b,55) M (471, 475, 0., )}

= 2k,p = 2morn 2k+1,p= 2m.

For every positive integer p and n in N, by nothing that

M (Aer,Arxp_a, b,q%) -1 asn—- o

Thus {A"x,} is a Cauchy sequence. Since the space

X is complete there exists z € X, such that

lim, Lo A"x, =lim, e S"Xpp41 = limy o T2, =2

It follows that Az = Sz = Tz and so

M(A"z,A* z,a,b,qt) =

{M(TrArz, A"A"z,a,b,t),M(S"z,A"z,a,b,t),M(S"z,T"A"z,a, b,
M(A"z,T"A"z,a,b,t),M(S"z,A"A"z,a,b, t),

M(A"z,A*"z,a,b,qt) = M(S"z,T"A"z,a,b,t)

> M(S"z,A"z, T a,b,t) = M(A"z,A%" z,a,b,qt) ... ... ... =

M (ATZ,AZTZ, a,b, %)
q
since lim, ., M (ATZ,AZ’"Z,a

Thus z
A", ST and TT.

For uniqueness, let w(w =z) be another
common fixed point of S™,T" and A". By (3.3.1) we
write
M(A"z,A"w,a, qt) =

M(T"w,A"w,a,t),M(S"z,A"z,a,t),
M(S"z,T"w,a,t),M(A"z,T"w,a,t),M(S"z,A"w, a, t)
M(A"z,A"w,a, qt) =

t

P gnr
q

) = 1= ATz = A%z,

is common fixed point of

}

min {

M(w,w,a,t),M(z,za,t),
M(z,w,a,t),M(z,w,a,t),M(z,w,a,t)
M(A"z, A"w, a, qt) = min{M(z,w,a, t)}

min {
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This implies
M(z,w,a,b,qt) = min{M(z,w,a,b,t)}
Therefore by lemma (2.3) we get

that

VA w.
This completes the proof of the theorem.
Conclusion
Above established theorems are the

generalization of the earlier results of fisher [10] and
all others, also we extend this result is to fuzzy 2 and
3-metric spaces by obtaining some common fixed
point theorems on fuzzy metric spaces.
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